Abstract: We compute the potential for localized closed string tachyons in bosonic string theory on the orbifold C/Z 4 using level-truncated closed string field theory. The critical points of the potential exhibit features which agree with their conjectured identification as lower-order orbifolds. However this case also raises some questions regarding the quantitative predictions associated with these conjectures.
Introduction
Though we've learned much about the role of tachyons in open string theory, closed string tachyons have remained somewhat of a mystery. The main difficulty is that closed string tachyons couple directly to gravity and the dilaton, so the back-reaction of the tachyon condensate on the background is important. In an interesting development, Adams, Polchinski and Silverstein (APS) proposed a scenario for the condensation of localized closed string tachyons which appear in the twisted sectors of the orbifold C/Z N in Type II superstring theory [1] . This describes a cone with deficit angle θ N = 2π(1 − 1/N), and the tachyons in question live at the tip of the cone. They conjectured that the condensation of the twisted tachyons affects the background only locally by flattening the cone. The minimum should correspond to flat space, and the other critical points to cones with a smaller deficit angle, namely C/Z M with M < N. The conjecture was supported both by a D-brane probe analysis [1, 2] and by worldsheet renormalization group techniques [1, 3, 4, 5] . This background has also been studied from the low-energy supergravity point of view, and was shown to produce radial gravity and dilaton waves which can gradually reduce the deficit angle [6, 7] . A large N approach to the problem has been discussed in [8, 9] . The relation of localized closed string tachyons to semiclassical instabilities has been addressed in [10] .
In a recent paper Okawa and Zwiebach have set out to test the APS conjecture in the context of the bosonic string using closed string field theory [11] . In this case a bulk (untwisted) tachyon exists for all N, but one considers the condensation of just the localized tachyons, which include the twisted tachyons as well as localized modes of the untwisted tachyon. This is similar in spirit to the discussion of open string tachyon condensation in theories containing also closed string tachyons.
Computation of the tachyon effective potential in open string field theory using level-truncation has lead to several remarkable tests of Sen's conjectures [12, 13] regarding open string tachyon condensation (for a review see [14] ). In trying to extend these techniques to closed string tachyons in closed string field theory one encounters two immediate problems. The first is the lack of a clear quantitative prediction. In the open string case Sen's conjecture can be translated into a simple numerical prediction for the tachyon potential, namely that the depth of its minimum is equal to the tension of the original unstable D-brane. Dabholkar has proposed an analogous prediction for the twisted tachyons of C/Z N [15] . Assuming the potential for the twisted tachyons V N (T ) is independent of the metric one gets a relation between the potential and the deficit angle 1) which means that the relative depths of the various critical points of the potential are given by the difference in deficit angles of the orbifolds they represent. Expressed in terms of the normalized dimensionless potential
the prediction for the critical point corresponding to C/Z M is therefore
This is also consistent with the fact that the ADM mass of a co-dimension 2 object, like the C/Z N orbifold 7-plane, is given by its deficit angle. However the actual potential depends also on localized modes of the untwisted (bulk) tachyon, and therefore it depends on the metric through the metric dependence of the bulk tachyon expectation values [11] . Strictly speaking therefore, the prediction (1.1) only holds to lowest level, where the massless (level 2) fields do not appear. It does however need to be refined by including, and then integrating out, localized modes of the bulk tachyon. It is not clear how to generalize the prediction to include metric dependence and higher-level fields. The second problem is that, unlike open string field theory, closed string field theory has an infinite number of interaction vertices, so that one would have to include an infinite number of terms in the action at every level [16] . In fact, very little is known about the strength of the interactions beyond the quartic vertex (for which we only have a numerical approximation [17, 18] ). Given these problems, it is quite remarkable how close one gets using a lowest-level truncation and only the cubic vertex [11] . Okawa and Zwiebach computed the localized tachyon potential for C/Z 2 and C/Z 3 and found an agreement of about 70% with the predicted depth of the minimum of the potential in both cases. For C/Z 3 there is a second critical point, conjectured to correspond to the decay to C/Z 2 . Its depth was found to be 111% of the predicted value. It was also shown that including the quartic vertex does not change the qualitative features of the potential, although it changes the depths of the critical points somewhat. This suggests that perhaps the higher vertices should be assigned an intrinsic level, and should therefore be truncated according to the level of the approximation.
In this paper we present further tests of this approach to localized tachyon condensation by analyzing the lowest-level localized tachyon potential of C/Z 4 . In this case there are three predictions corresponding to the three possible decay products: flat space, C/Z 2 and C/Z 3 . The critical points of the potential are arranged on an (irregular) tetrahedron in the three-dimensional space of twisted tachyons (t, t ′ ), where t is complex and t ′ is real. The maximum, C/Z 4 , is at the body-center, and the four degenerate minima are at the vertices. The minimum is found at 106% of the predicted value for flat space. The C/Z 3 points are located at the four faces of the tetrahedron, and give 184% of the predicted value. The C/Z 2 points are located at the six edges, and are actually split into a group of four and a group of two. The former give 156% of the predicted value, and the latter 135%. Technically, the split is due to the fact that the potential does not respect the full tetrahedral symmetry, but only a Z 4 (or really D 4 ) subgroup, which is the quantum symmetry of the orbifold. It is not clear to us whether the tetrahedral symmetry should be restored at higher level. Even more puzzling is the fact that there is an alternative prediction for the C/Z 2 points coming from the equivalence of the C/Z 4 tachyon potential with t = 0 and the C/Z 2 tachyon potential,
The minimum of the former corresponds to two of the C/Z 2 points in the C/Z 4 theory, and the minimum of the latter corresponds to flat space in the C/Z 2 theory. This gives a different prediction for the two C/Z 2 points, since clearly θ 4 − θ 2 = θ 2 . This problem persists, and in fact gets worse, for higher order orbifolds.
We believe this is a hint that the background metric dependence is important, even in the lowest-level approximation, where naively one would ignore the massless fields. We are not yet certain however how to incorporate this background dependence.
In section 2 we review some of the necessary ingredients needed for computing orbifold tachyon potentials. In section 3 we compute the localized tachyon potential for the bosonic string on C/Z 4 , and in section 4 we find the critical points and compare their depths with the predicted values. In section 5 we discuss the problem of multiple predictions, and section 6 contains our conclusions. We have also included two appendices which contain some details of the computation.
Necessary ingredients and general strategy
Let us first review briefly the necessary ingredients for computing localized tachyon potentials in C/Z N in general. This orbifold has N − 1 twisted sectors corresponding to N − 1 twist fields σ k in the orbifold CFT. The conformal dimensions of σ k are
, so the fields σ k and σ N −k are paired up. The orbifold CFT has a quantum symmetry Z N under which the twist fields transform as
and all correlation functions are invariant under this. The untwisted operators U p carry momentum p along the directions of the cone and must be projected to the invariant sector:
where α = exp(2πi/N). The basic correlation functions are given by 1 [19] 
where δ is the following function of k/N:
Some useful values of this function are δ(1/2) = 2 4 , δ(1/3) = 3 3 and δ(1/4) = 2 6 . The generalization to include momentum in the seven directions transverse to the cone is straightforward, but does not interest us here since we focus on uniform (in the seven transverse dimensions) tachyon condensation.
The string field theory action to cubic order is given by
where φ α are the component fields of the string field |Ψ = α c 1 c 1 φ α |O α , and m αβ and C αβγ are given by
The number R is the inverse of the mapping radius for the map from the punctured unit disk to a punctured 120
• wedge of the complex plane, and is given by
In particular the action for the bulk tachyon with momentum in the cone directions p, u(p)c 1 c 1 |p , is given by
This result is universal for all N. The rest of the tachyon action involves the twisted tachyons and is computed using the correlation functions in (2.3). We will work in the lowest-level approximation, in which we keep only the ground state tachyons in each twisted sector, and include bulk tachyon modes up to a level equal to the level of the highest twisted tachyon. Since the level of the bulk tachyon is given by 2 ℓ u (p) = p 2 /2, this means that the momentum integrals will be truncated.
The Tachyon potential in C/Z 4
The conformal dimensions of the three twist fields are given by
This gives a complex tachyon t of mass squared m 2 t = −29/8 and level ℓ t = 3/16, and a real tachyon t ′ of mass squared m 2 t ′ = −7/2 and level ℓ t ′ = 1/4. The lowest-level localized tachyon potential to cubic order is then given by
where V u 2 and V u 3 are given by (2.9), and the rest are given as follows
and Γ(1/2) = √ π, Γ(3/4) = 1.22542. Following [11] we eliminate κ by rescaling quantities as follows 8) and defining the normalized dimensionless potential as
This gives
The predicted values at the critical points are 12) corresponding to flat space, C/Z 2 and C/Z 3 , respectively. In our lowest-level approximation we have only included the ground state tachyons from the twisted sectors. It is therefore reasonable to include only bulk tachyon modes up to the level of the higher of the two twisted tachyons. This imposes a cutoff on the momentum integrals of the bulk tachyon given by ξ * = ℓ t ′ /2 = 1/(2 √ 2).
The critical points
Varying the potential (3.10) with respect to the bulk and twisted tachyons we obtain
Before turning to the solutions let us derive some general properties of some of the critical points from these conditions. The trivial solution u = t = t ′ = 0 is the maximum and corresponds to the original C/Z 4 . If t ′ = 0 (4.2) gives t 2 + (t * ) 2 = 0 and therefore t = |t|(±1 ± i)/ √ 2. These four points are related by the Z 4 symmetry of the potential. If both t and t ′ are non-vanishing (4.3) implies that t must be either real or imaginary.
Solving these conditions analytically is impossible due to the non-linear integral term in the equation for u, so we must resort to some sort of approximation method. One approach is to discretize the spectrum of the bulk tachyon by putting it in a box, and then solve the equations numerically, keeping a finite number of modes. This was the method employed in [11] . Our approach will be to solve the equations perturbatively, treating the quadratic term in u as a small perturbation. In comparing this approach to the one of [11] for C/Z 2 and C/Z 3 , we find similar results.
To simplify notation we define
The equation for the bulk tachyon (4.1) then becomes
Note that only γ(ξ) depends on the specific orbifold. We would like to solve for v(ξ) in terms of the twisted tachyons t and t ′ as a perturbative series in λ,
At zeroth order 8) and the higher coefficients satisfy the recursion relation
This can be also seen as an expansion in the number of integrals. The next two terms in the expansion are given by
Therefore we can expand the effective potential for the twisted tachyons as a power series in λ as well,
At zeroth order the cubic bulk tachyon term doesn't contribute and we get
where β = 0.330244, a = 0.44631, b = 0.23264 and c = 0.00025. There are four classes of critical points:
The relative values of the tachyon potential at the critical points suggest that the first class of points corresponds to flat space, the second and third to C/Z 2 and the fourth to C/Z 3 (hence the labels). This can be verified by examining the spectrum of fluctuations around each kind of critical point, and counting the number of negative modes, i.e. tachyons (see appendix B). Comparing with the predicted values (3.12) we find that the minimum is at 271% of its predicted value of −1, the C/Z 2 points are at 223% and 191% (for the two classes) of their predicted value of −1/3, and the C/Z 3 points are at 199% of their predicted value of −1/9. The large discrepancies are not surprising given that this is just a zeroth order result. The results for the first four orders in perturbation theory are summarized in table 1 (for more details see appendix A). The agreement improves dramatically for the minimum: 106% of the predicted value for flat space at third order. The depths of the C/Z 2 and C/Z 3 points also decrease with the order of the calculation, but not nearly as much. We end up with 156% and 135% agreement for the two classes of C/Z 2 points, and 184% for the C/Z 3 points. The degeneracy of the potential within each class of critical points is a consequence of the Z 4 symmetry of the orbifold theory. The critical points are located roughly at the vertices, edges and faces of a tetrahedron in the three-dimensional twisted-tachyon space (Fig. 1) . The four vertices correspond to flat space, the six edges to C/Z 2 , and the four faces to C/Z 3 . The center of the tetrahedron corresponds to the original orbifold C/Z 4 . In Fig. 2 we show contour plots of the tachyon potential on two different two-dimensional sections, revealing the tetrahedral structure. The tetrahedron defined by the four vertices is not a regular one; it has four edges (two pairs of opposing 
Im(t)
Re(t) Figure 1 : A schematic picture of the critical points of f 4 (t, t ′ ) projected onto the t-plane. The circles are the minima, i.e. flat space, the squares are the C/Z 2 points, and the triangles are the C/Z 3 points.
edges) of one length, and two of another length. Its symmetry group is D 4 , which is a subgroup of the full symmetry of the regular tetrahedron T d . The quantum symmetry of the orbifold Z 4 is the maximal abelian subgroup of D 4 . The four equal edges do not mix with the other two under Z 4 or D 4 , which explains the two classes of C/Z 2 points. Ultimately we know that since there is a unique C/Z 2 orbifold all the C/Z 2 points must be the same. An interesting question is whether the symmetry of the tachyon potential gets enhanced to the full tetrahedral group T d at higher level, thereby guaranteeing a six-fold degeneracy of C/Z 2 points. To check that our approximation scheme is as good as that of [11] we applied it to C/Z 2 and C/Z 3 as well. Using the perturbative technique to third order we find the minimum for C/Z 2 with f 2 = −0.6794, compared to f 2 = −0.7202 in [11] . For 
Multiple predictions
The close agreement of the minimum of the tachyon potential in the C/Z 4 theory with the prediction (1.3) clearly supports the APS conjecture. This is also consistent with what was found for the C/Z 2 and C/Z 3 theories in [11] . The agreement of the various saddle points with their predicted values is not as remarkable, but still impressive considering this is a lowest-level approximation. However, the present case brings to light a troubling feature of some of the saddle points, namely that there can be more than one prediction for their value. Consider the C/Z 4 tachyon potential with the complex tachyon vanishing, V 4 (0, t ′ ). The real tachyon t ′ corresponds to the twist 2 field σ 2 (the middle twisted sector), which has the same conformal dimension as the twist 1 field σ 1 of the C/Z 2 orbifold, since in both cases k/N = 1/2. This means all correlation functions involving this field and the untwisted fields are equal in the two theories. In particular the tachyon potentials are equal
The minimum of the potential on the right hand side corresponds to flat space in the C/Z 2 theory, and its predicted value is minus the deficit angle of C/Z 2 , −θ 2 . On the other hand minimizing the potential on the left hand side with respect to t ′ gives the C/Z 2 doublet in the C/Z 4 theory. The original prediction for these points is the difference θ 2 − θ 4 , which is clearly not the same as −θ 2 . The equality above therefore provides an alternative prediction for these C/Z 2 points. In terms of the normalized potential f 4 the original prediction (1.3) for (all) the C/Z 2 points is f 4 = −1/3, and the one that follows from (5.1) is f 4 = (2/3)f 2 = −2/3. Interestingly, the value we find for f 4 at these points (at third order in perturbation theory), −0.4529, is about halfway between the two predictions.
This problem persists for higher orbifolds. Any C/Z N orbifold for which N is a product exhibits multiple predictions for some of the critical points. Consider for example C/Z pq . The twist qk field σ qk has the same dimensions as the twist k field in C/Z p . Therefore setting all tachyons but the ones associated with the twist fields σ qk for k = 1, . . . , p − 1 to zero, the tachyon potential V pq becomes the same as the tachyon potential V p of the C/Z p theory,
We now want to show that the critical points with respect to t qk of the reduced potential on the left hand side are also critical points of the full potential V pq with respect to all the t k . The only possible problems can come from terms in the potential linear in one of the vanishing tachyons, t s n−1 i=1 t qk i , where s is not an integer multiple of q. Varying with respect to t s one could arrive at a non vanishing result for the vanishing tachyon t s . However such terms are forbidden by the quantum symmetry of the orbifold Z pq , since this requires s+q i k i = npq for some integer n, and therefore s = q(np− i k i ). Thus the critical points of V pq with t s = 0 (s = qk) are identical to the critical points of V p . This provides an alternative prediction for each of these critical points of V pq . The points in question correspond to the orbifolds C/Z kq with k = 1, . . . p − 1. The original prediction for the normalized potential (1.3) is
3)
3 For the purpose of comparing the potentials in the two theories we use t ′ to denote both the twist 2 field in C/Z 4 and the twist 1 field in C/Z 2 . and the one that follows from the relation to V p is
The ratio of the two predictions is f pq (C/Z kq )/f pq (C/Z kq ) = q, so the discrepancy between the two predictions gets worse as the order of the orbifold increases.
4
This seems to pose a serious problem for the interpretation of any tachyon potential computation. Which prediction for the critical points should one compare with? More importantly it looks like a logical inconsistency. There cannot be two predictions for the same quantity. This may be a signal that the lowest-level approximation breaks down for these particular critical points. Recall that the predictions (1.3) relied on the assumption that the tachyon potential is independent of the background metric, which is only true at the lowest-level. One would need to explore higher levels to see if this problem is resolved.
Conclusions
Extending the work of [11] , we have computed the potential for localized tachyons in the bosonic string orbifold C/Z 4 using a lowest-level truncation of closed string field theory to cubic order. Our computation provides additional evidence for the conjecture of [1] , that the critical points of the tachyon potential correspond to lower-order orbifolds, and in particular that the minimum is flat space. The numerical agreement for the minimum is quite remarkable considering the level of the approximation. The other critical points are in the ball park, but not as close. These results are consistent with those of [11] for the C/Z 2 and C/Z 3 theories. We also believe that these results can be taken as support for the general method of level-truncation, together with string-vertex truncation, in closed string field theory.
There are however a couple of puzzles that arise first in the C/Z 4 case. The first is that there appear to be two classes of C/Z 2 critical points, with different values of the tachyon potential. The Z 4 (or D 4 ) symmetry of the tachyon potential guarantees the degeneracy within each class, but not between the two classes. The latter requires the full tetrahedral symmetry T d . The question is whether this symmetry is restored at higher level, or whether at higher level the two classes of points become accidentally degenerate. The former scenario is more appealing, since it would also explain the quantum symmetries of the different critical points. The tetrahedral group T d contains Z 4 , Z 3 and Z 2 , corresponding to the abelian subgroups preserving the center, a face, and a pair of opposite edges, respectively. We could therefore identify these groups as the unbroken symmetries of C/Z 4 , C/Z 3 and C/Z 2 , respectively. The second puzzle is the existence of multiple predictions for some of the critical points. We believe that this is somehow related to the assumption of metric-independence of the tachyon potential, an assumption which is no longer true when we include higher level fields. To shed more light on this issue we need to go beyond the lowest-level approximation. Of course then we would need to refine the numerical predictions, and probably include higher string vertices in the calculation of the tachyon potential.
Another interesting question raised by the calculation of localized closed string tachyon potentials is the possibility of stable non-uniform tachyon configurations, i.e. tachyonic solitons. For example in the C/Z 2 theory the effective potential for the twisted tachyon has two degenerate minima [11] , and should therefore admit a kink solution. In the analogous situation for open strings, namely an unstable (non-BPS) Dp-brane in Type II (or Type 0) string theory, the tachyonic kink corresponds to a stable (BPS) D(p−1)-brane [20, 13] . The topological stability of the kink configuration in the orbifold implies that it corresponds to a closed string background which is stable (modulo the usual bulk tachyon). This appears to be a new background of the bosonic string, which is as stable as flat space. It would be interesting to study this background further.
The tachyon potential is expanded as
The zeroth order term was given in the bulk of the paper (4.13). The first order term is given by η(1/4, 1/4) = 0.5940
and where we have defined
The second order term is given by
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The third order term is given by 
where t + ≡ 2Re(t) and t − ≡ 2Im(t). We see that there is always at least one tachyonic mode coming from the bulk tachyon δu. Let us analyze each of the four classes of critical points in turn. corresponding respectively to δt − , (0.998δt + +0.062δt ′ ) and (−0.062δt + +0.998δt ′ ). There are no tachyons (other than the bulk tachyon), which is consistent with the identification of this point with flat space. corresponding respectively to δt − , (0.754δt + +0.657δt ′ ) and (−0.657δt + +0.754δt ′ ). We find two tachyonic modes, as there should be for C/Z 3 .
